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SUMMARY

Gas �ow in micro-electro-mechanical systems can be considered as rare�ed since the ratio of free
molecular path length to the characteristic length of the device is high. It is possible to analyse these
�ows using a conventional Navier–Stokes solver with modi�ed boundary conditions to account for
temperature-jump and slip-velocity on solid walls. In this study, characteristic-based-split (CBS) algo-
rithm is modi�ed to account for slip-velocity and temperature-jump boundary conditions in order to
perform compressible �ow analysis for a micro sized geometry. The CBS algorithm is a split procedure
which yields a uni�ed solution method valid for both compressible and incompressible �ows. To verify
the modi�ed CBS solver, straight micro channel and micro step duct geometries are selected as test
cases. To reduce the size of the implicit part of the algorithm, pseudo-quadratic velocity=linear pressure
elements (pP2P1) are employed. The results obtained using CBS algorithm, are compared with other
analytical and computational results available in the literature. It is shown that this implementation
of the CBS algorithm is applicable and e�ective for micro gas �ows. It is also shown that, increas-
ing Knudsen number results in increased temperature-jump and slip-velocity. This e�ect, however, is
limited, especially for high Mach number �ows. Copyright ? 2006 John Wiley & Sons, Ltd.

KEY WORDS: rare�ed �ow; temperature-jump; slip-velocity; compressible �ow; micro�ow; character-
istic-based-split (CBS) algorithm

1. INTRODUCTION

Micro-electro-mechanical systems (MEMS) are combinations of electrical and mechanical de-
vices which have characteristic lengths in the range of 1 mm–1 �m [1]. During the �uid �ow
in these tiny machines, friction, electrostatic forces and viscous e�ects become more dom-
inant than inertial forces [1]. Knudsen number (Kn), the ratio of the molecular mean free
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path length to the characteristic length, is the key parameter for the �ow over these type of
devices. As the value of Kn increases, the di�erence between the results predicted by the
continuum model and the actual �ow increases due to the increasing e�ects of boundary slip,
thermal creep, rarefaction, viscous dissipation, compressibility, intermolecular forces and other
unconventional e�ects [1–4].
If Kn is smaller than 10−3, the regime is called continuum regime and the �ow can be

simulated using conventional Navier–Stokes equations (N–S) solvers. If Kn is in the range
of 10−3–10−1, the �uid �ow is assumed to be in the slip regime and the �ow can be still
simulated using a N–S solver by modifying standard temperature-wall and no-slip boundary
conditions [1]. Direct Simulation Monte Carlo Method (DSMC) is a good choice for analysis
of high Kn �ow problems. But, if Kn is smaller than 0.1, to use DSMC as a solver is
relatively expensive compared to N–S solvers [2, 5].
In the present paper, compressible, internal �ow through a straight micro channel and

micro backward facing step geometry are simulated using characteristic-based-split (CBS)
algorithm. To do this, the second-order slip-velocity of Beskok [4] and temperature-jump
condition are employed on the wall within the CBS algorithm. To verify the solver, a straight
micro channel �ow is simulated. Then, the analyses for the micro backward facing step
geometry are performed in order to understand rarefaction e�ects in the �ow �elds containing
sharp gradients.

2. GOVERNING EQUATION

Compressible Navier–Stokes equations in conservation form in Cartesian co-ordinate systems
(x1; x2) can be written as follows:

@V
@t
+
@Fi
@xi

+
@Gi
@xi

+Q=0; i = 1; 2 (1)

General form of the Navier–Stokes equation given above includes continuity, momentum and
energy equations. In the equation given above V, Fi, Gi and Q denote dependent variable,
convective �ux (in xi direction), di�usive �ux and source term vectors, respectively. These
vectors are in the following form:
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where � is the density, ui is the velocity component in xi direction, p is the pressure, T is the
temperature, gi is the ith component of the gravity acceleration, r is a heat source, k is the
thermal conductivity, � is the viscosity and �ij is the Kronecker delta function. The equations
are completed by the gas state law given below

p=�RT (3)
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where R is the gas constant. �ij are related to velocity gradients linearly by the Stokes
hypothesis as written below

�ij=�
[(
@ui
@xj

+
@uj
@xi

)
− �ij 23

@uk
@xk

]
(4)

The total energy per unit mass is denoted with e (internal plus kinetic) and it is related to
temperature and velocity through the following equation:

e=CvT + uiui=2 (5)

where Cv is the speci�c heat at constant volume.

3. SLIP-VELOCITY FORMULATION

The �rst-order approach of Maxwell’s slip-velocity and Smoluchowski’s temperature-jump
boundary condition is given as follows [2]:

us − uw = 2− �v
�v

1
�(2RTw=�)1=2

�s +
3
4
Pr(�− 1)
��RTw

(−qt) (6)

Ts − Tw = 2− �T
�T

[
2(�− 1)
�+ 1

]
1

R�(2RTw=�)1=2
(−qn) (7)

In the equations written above, subscripts s and w denote slip and wall (reference) values.
qn and qt are the normal and tangential components of the heat �ux. �s is the viscous stress
component. Momentum and energy accommodation coe�cients are denoted by �v and �T and
Pr is the Prandtl number. In the present study, full di�use re�ection is assumed (�v = �T = 1).
A second-order slip velocity boundary condition based on asymptotic analysis is proposed by
Beskok and Karniadakis [3, 4]
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(8)

In the equation above, b is the high-order slip coe�cient and its value is determined analyt-
ically, Ec is the Eckert number and superscript ∗ denotes the variables in non-dimensional
form. Local Knudsen number can be written in terms of local Mach (Ma) and Reynolds (Re)
numbers as Kn=

√
(��=2)Ma=Re. Derivatives of the velocity and temperature in normal and

tangential directions, respectively, are denoted with @u=@n and @T=@s in the equation.

4. CBS ALGORITHM

The split procedure has been used by many scientists for the solution of incompressible
�ow problems since its �rst introduction by Chorin [6] in �nite di�erence formulation. An
application of this split procedure to the compressible �ow problems using �nite element
formulation was done by Zienkiewicz and Wu in 1992 [7]. Then, a general algorithm for both
compressible and incompressible �ow problems was introduced by Zienkiewicz and Codina in
1995 [8]. They have published several papers concerning the application of this new uni�ed
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algorithm and its modi�cation in the following years [9, 10]. Finally the algorithm was named
as ‘CBS’ [11].
The most important advantage of using CBS algorithm is that the incompressible and com-

pressible N–S or Euler equations can be solved using the same code. There are many success-
ful applications of the algorithm for solving the problems ranging from nearly incompressible,
viscous �ows through transonic to the �ows with shock in high speed [12–15]. The results,
obtained using the CBS algorithm, show that the algorithm behaves very well for di�er-
ent �ow regimes (such as numerical simulation of incompressible �ow, barotropic �ow and
compressible �ow cases).
In this study, the CBS algorithm is used to analyse the compressible, rare�ed internal

�ow through the micro geometries by modifying usual no-slip and temperature wall boundary
conditions. Using standard Galerkin formulation for discretization of the governing equation
in space causes numerical instabilities due to the convective term appearing in momentum
equation. In CBS procedure, this e�ect is stabilized by discretizing the equations along the
characteristic of the total derivative as explained with details in Reference [8]. Then three
essential steps of the CBS algorithm are obtained by introducing a new auxiliary variable for
the momentum equation [8]. Details of this procedure can be found in References [8, 9]. In
the present study, semi implicit form of the CBS algorithm is used. The weak forms of the
equations are given in Sections 4.1–4.4.

4.1. Fractional momentum equation

Multiplying the fractional momentum equation given in Reference [8] by an appropriate shape
function Wu, integrating the viscous and the other terms coming from the discretization along
the characteristics over the domain � yields∫
�
Wu�Ũi d�=+�t
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In the equation above, Un
i is the ith component of the momentum at time n. nj is the unit

normal vector in xj direction. Auxiliary momentum value in the direction of xi is denoted
with Ũi and �Ũi = Ũi−Un

i . The boundary term appearing in the equation above comes from
integration by parts of the viscous term of the momentum equation.

4.2. Continuity equation

Choosing pressure shape function Wp as the test function and multiplying the continuity equa-
tion by it and integrating resulting equation over the domain � gives the following equation:∫
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where pn+�2 is equal to �2pn+1 + (1 − �2)pn. In the present study, weighting function �1
and �2 are selected to be 1. Pressure or density may be used as unknown in the continuity
equation (10). In this study, pressure is used as unknown. Using the perfect gas law (3), the
density variation term ��=�n+1 − �n placed on the left-hand side of the continuity equation
is replaced with pressure variation term

��=
�p
RTg

+
(
pn

RTg
− pn

RTn

)
(11)

It is required to guess a temperature value Tg instead of unknown value of T at time n+1 to
uncouple the resulting continuity equation and the energy equation. It is reported in Reference
[10], this approach works well if only steady state is of interest as in this study. Details of
this approach are given in Section 4.5.

4.3. Final step of the momentum equation

Using the pressure values at time n+1 obtained from continuity equation (10) and auxiliary
momentum value, the momentum values at time n+1 are obtained from the following equation
explicitly: ∫

�
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where �Ui = Un+1
i − Un

i . In the equation above, test function is momentum shape function
Wu and �2 is taken as 1 for the explicit formulation.

4.4. Energy equation

Weak form of the energy equation with shape function of the energy (WE) as the test function
is given in the following form:∫
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where total energy per unit volume is denoted by E = (�e) and �E = En+1 − En.
4.5. Solution strategy

Solution procedure for the semi-implicit form of the CBS algorithm with temperature-jump
and slip-velocity condition can be summarized as follows:

1. Solve the energy equation (13) with temperature-jump value on the wall and obtain En+1;
2. Solve the fractional momentum equation (9) without any boundary condition;
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3. Guess a temperature Tg from En+1 using previous time step value of density and velocity
�eld;

4. Solve the continuity equations (10) using Tg value and obtain pn+1. Apply slip-velocity
condition on the wall;

5. Solve the �nal step of the momentum equation (12) and obtain new momentum values;
6. Obtain �n+1 from the equation of state (3) using new pressure values. Then obtain
velocity �eld from the momentum values;

7. Correct Tg using Tn+1 obtained from En+1 value by using new velocity un+1 and density
values �n+1;

8. Obtain temperature-jump and slip-velocity value at the wall substituting new velocity
and temperature values within (7) and (8);

9. Check convergence; If not satisfactory, go to step 4;

It is reported in Reference [10], that there is no di�erence either in the numerical results or
in the convergence behaviour of the CBS algorithm if more than two iterations are done.
Since steady state solution is of interest, maximum iteration number is taken as 2 within
the computation in this study except the early time steps in where the maximum iteration
number is 3.
In the present study, pseudo-quadratic velocity=linear pressure interpolation elements

(pP2P1) are used in computations [13]. The solution obtained using this kind of elements can
be considered to be obtained on two di�erent grids for the velocity and pressure solutions.
Using pP2P1 type elements instead of P1P1 type elements makes the sti�ness matrix in the
continuity equation four times smaller for 2-D problems. Since the continuity equation forms
the implicit part of the CBS algorithm, any reduction in the size of this equation reduce
the storage requirements and number of calculations. It is reported that computational times
are reduced up to 59% when pP2P1 type FEM elements are used within the CBS algorithm
instead of P1P1 type elements while this ratio is 56% for alternative Petrov–Galerkin FEM
method [13].
For the pressure driven compressible internal �ows, locally very high pressure gradients and

high velocities may be observed at the initial steps of the analysis if the initial solution is not a
very good approximation of the steady state solution. When micro�uidic boundary conditions
are used, these initial disturbances produce unrealistic slip and temperature-jump values and
cause the inner iterations of the CBS algorithm to diverge. Therefore, it is important to use
no-slip conditions for the initial steps of the analysis.

5. RESULTS AND DISCUSSION

5.1. Straight micro channel

To verify the second-order slip-velocity boundary condition within the CBS algorithm, straight
micro channel is selected as a test case. Pressure ratio of the channel inlet to the outlet (�)
is equal to 2.28 and outlet Knudsen number (Knout) is equal to 0.2 . The �ow is assumed to
be isothermal and reference temperature is taken as 273 K. Fifty-three and 21 grid points are
taken in horizontal and vertical direction for the velocity mesh (see Figure 1). Total number
of triangular elements used for the velocity calculation is 2080. The ratio of the channel length
to the height (L=h) is equal to 20 and working �uid is Nitrogen with speci�c heat ratio of 1.4.
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Figure 1. Velocity mesh of straight micro channel.

Figure 2. Velocity distribution along the straight micro channel with no-slip (upper) and
slip-velocity (lower) boundary conditions.

The velocity vectors obtained using no-slip (NS) and with slip-velocity (WS) boundary
conditions are plotted for comparison in Figure 2. The increase in the slip-velocity along the
channel walls can be seen in the �gure.
The pressure values are prescribed at the channel inlet and the outlet according to the

selected value of the Kn and pressure ratio. Pressure distribution along the channel centreline
is plotted in Figure 3. Both results with slip and no-slip boundary conditions are in good
agreement with the other results presented in References [16, 17]. Nonlinearity in pressure
distribution shows the compressibility e�ect along the channel.
Beskok has studied the same geometry with diatomic nitrogen as working �uid, using

DSMC and �Flow (spectral-element-based continuum CFD solver) [16]. N–S and Burnett
equations solver are used by Agarval and Yun [17] for the same geometry also. Baysal and
Aslan [5] used N–S solver with �rst- and second-order slip-velocity boundary condition for
the solution of the same problem. Obtained slip-velocity distribution along the channel wall,
normalized with the inlet centreline velocity, are presented and compared with references in
Figure 4. The result obtained using CBS algorithm with second-order slip-velocity boundary
condition is in good agreement with the References [5, 17]. Maximum di�erence in magnitude
between the computed slip-velocity and Reference [5] is less than 1%.
In order to assess the grid dependency of the results, analyses on several grids with di�erent

number of elements and element size distributions are performed. The grids used for this
purpose are listed in Table I. First three grids contain the same number of elements but
di�erent grid stretching factors normal to the boundary. The resulting element sizes at the
boundary of these grids are also listed in the table. The last grid on the other hand, has
more elements. The slip velocity at the boundary is compared for these grids in Table I. It is
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Figure 3. Pressure distribution along the straight micro channel centreline, Knout = 0:2.
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Figure 4. Slip velocity variation along straight micro channel wall, Knout = 0:2, � = 2:28.

shown that the maximum di�erence in magnitude between the slip-velocity values obtained
using di�erent meshes is less than 2%.
The obtained velocity distributions and comparisons show that, the implementation of

second-order slip-velocity boundary condition to the CBS algorithm yields accurate results
for this test case.
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Table I. Slip-velocity variation for di�erent grids used in computation
of micro channel �ow.

Normal distance of Maximum slip
Grid size the �rst node velocity di�erence

51× 13 0.0196 0.7%
51× 13 0.0173 0.9%
51× 13 0.0136 1.3%
53× 21 0.0336 Reference

L

h

S

Figure 5. Pressure mesh of micro step duct.

5.2. Separated �ow in micro backward facing step

To investigate the e�ect of second-order slip-velocity and temperature-jump boundary condi-
tions on an internal micro-�ow with separation, backward facing step geometry is selected
as another test case. There are sharp gradients in �ow �eld, which a�ect the mean free path
and wall shear stress. The ratio of the channel length (L) to the exit height (h) is 5.6. The
channel entry is also included to the simulation and it is located at x=h=0:86. Ratio of step
height (S) to the height of the channel h is 0.467. pP2P1 type of elements are used for these
computations. The computational grid consists of 11 776 velocity elements and 2944 pressure
elements. The grid, used for pressure calculations, is shown in Figure 5.
As a veri�cation study for this type of �ow problem, �rst, a case with inlet to outlet

pressure ratio �=2:32, nitrogen as the working �uid and Kn at the outlet equal to 0.018 is
analysed and the results are compared with Baysal and Aslan [5] and Beskok [16].
As in the straight micro channel, pressure is prescribed at the inlet and the outlet of the

micro step duct geometry. On the solid wall, second-order slip-velocity and temperature-
jump boundary conditions are employed (the wall surfaces are kept at 300 K). At the inlet,
temperature value is prescribed as 330K and vertical component of the velocity is set as zero.
At the outlet, boundary term (traction) on the right-hand side of Equation (9) is taken into
account.
Velocity pro�les, local Kn and temperature distribution are given in Figure 6. As seen in

the �gure, �uid accelerates near the step expansion. So, high temperature gradient occurs at
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Figure 6. Velocity vectors, temperature and local Kn variation through the
micro step duct, Knout = 0:018, � = 2:32.

this region. Change in local Kn value due to adverse pressure gradient near the recirculation
region can be also seen in the �gure. Variation of the normalized streamwise velocity at
�ve normal locations are plotted and compared with the results of Reference [5] in Figure 7.
Pressure is normalized using dynamic head at the inlet and compared with the results of
References [5, 16] in Figure 8. Kn distribution along the centreline of the micro step duct is
given in Figure 9. As shown in these �gures, results presented for this test case are in good
agreement with reference studies.
In order to observe the e�ect of slip-velocity and temperature-jump on micro �ows with

separation, �ow in a step duct is analysed for various channel sizes but the same inlet and
outlet pressures. Selected channel heights results in a Kn range covering most of the slip-�ow
regime. For all cases, analyses are performed for both no-slip and slip-velocity boundary con-
ditions. The variation of mass �ow rate di�erence between the results obtained using no-slip
and slip-velocity boundary conditions, with Knudsen number is presented in Figure 10. The
results show that, as the Knudsen number increases, mass �ow rate di�erence between the
results obtained using no-slip (ṁNS) and slip-velocity (ṁWS) boundary condition increases.
The change in in�ow Mach number (Main) with duct size is plotted in Figure 11 for both
no-slip and slip model assumptions. As expected, Main decreases with increasing Kn value. It
is always higher for slip model compared to the no-slip case. These show that there is consid-
erable di�erence between the results obtained using continuum models with no-slip boundary
condition and the results obtained with slip-velocity, implemented to represent rarefaction
e�ect.
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Figure 11. Variation of inlet Mach number with Knudsen number for the same inlet=outlet pressures.

Another set of analyses is run to observe the dependence of driving pressure di�erence to
the Knudsen number for two di�erent inlet Mach numbers, 0.287 and 0.405. In Figure 12, the
variation of inlet to outlet pressure ratios with Knudsen number is plotted for two di�erent
inlet Mach numbers. Results obtained with no-slip and slip conditions are plotted together for
comparison. As expected, increased inlet Mach number requires increased driving pressure
di�erence. Similarly, the di�erence between slip and no-slip solutions increases with increasing
Mach number as well as increasing Knudsen number. The variation of the mass �ow rate
di�erence between the slip and no-slip cases with Knudsen number is plotted in Figure 13. It
is shown that the di�erence is limited for high inlet Mach number. The slip model employed
(8) relates slip velocities to local Knudsen number, velocity and temperature gradients at the
wall. Increased slip velocity on the other hand, results in reduced velocity gradient at the
wall. This balance may explain the asymptotic behaviour of mass �ow rate di�erence with
increasing Kn. Additionally, increased temperature gradients at high inlet Mach numbers,
increase second-order contribution of the thermal creep term in (8), yielding a higher slope
for the �ow rate di�erence vs Kn curve at low Kn. Another important feature of the �ow is
the reattachment length. In this study, the reattachment length, X , is used in normalized form
with the channel height. In Figure 14, variation of the relative di�erence of the reattachment
length between slip and no-slip cases are plotted against Knudsen number. Its behaviour is
similar to the behaviour of the mass �ow rate. For low Mach numbers, the di�erence increases
almost monotonously. For high Mach numbers however, the di�erence presents an asymptotic
behaviour. The variation in asymptotic behaviours seen in the mass �ow rate and reattachment
graphics is a result of extra slip generated by thermal creep for the high Mach number �ow
where temperature gradients are relatively higher.
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Figure 12. Inlet to outlet pressure ratios vs Knudsen number.
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Figure 13. Mass �ow rate di�erence between the results with no-slip
and slip-velocity boundary conditions.
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Figure 14. Reattachment length di�erence between the results with
no-slip and slip-velocity boundary conditions.
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Figure 15. Temperature-jump along the lower wall for cases Main = 0:405.
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Figure 16. Slip-velocity along the lower wall for cases with Main = 0:405.

The variation of non-dimensional temperature-jump, �=(T −Twall)=(Tinlet−Twall), along the
lower wall is presented in Figure 15. In this expression, T denotes the temperature of the
�uid at the wall. As seen in the �gure, for the higher Knudsen number �ows temperature-
jump values are very high compared to low Knudsen number ones. Furthermore, increased
temperature gradients due to the accelerated �ow towards the exit results in an increased
temperature-jump compared to upstream stations. Similarly, the variation of the slip velocity,
us, normalized with the inlet velocity, uin, along the lower wall is plotted in Figure 16 for
di�erent Knudsen numbers and selected inlet Mach number of 0.405. The extra slip due to
the high temperature jump is also observed for greater value of Kn towards the channel exit.

6. CONCLUSIONS

In this study, slip-velocity and temperature-jump boundary conditions are implemented within
the CBS algorithm to solve compressible �ows through micro-�uidic devices. Steady state
solution is obtained using semi-implicit version of the algorithm with pP2P1 type of elements.
The undesirable cost of using the semi-implicit version of the algorithm is reduced by using
these types of elements. Comparison of the results obtained for pressure driven �ows in
straight and suddenly expanding micro channels with available numerical data and analytical
models, shows that this implementation of the CBS algorithm is applicable and e�ective for
these problems. Further analysis of micro step duct presents increasing e�ect of temperature-
jump and slip for increasing Knudsen numbers. This e�ect, however, is limited, especially for
high Mach number �ows.
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